In this paper results from a non-linear AS (angular spectrum) based ultrasound simulation program are compared to water-tank measurements. A circular concave transducer with a diameter of 1 inch (25.4 mm) is used as the emitting source. The measured pulses are first compared with the linear simulation program Field II, which will be used to generate the source for the AS simulation. The generated non-linear ultrasound field is measured by a hydrophone in the focal plane. The second harmonic component from the measurement is compared with the AS simulation, which is used to calculate both fundamental and second harmonic fields. The focused piston transducer with a center frequency of 5 MHz is excited by a waveform generator emitting a 6-cycle sine wave. The hydrophone is mounted in the focal plane 118 mm from the transducer. The point spread functions at the focal depth from Field II and measurements are illustrated. The FWHM (full width at half maximum) values are 1.96 mm for the measurement and 1.84 mm for the Field II simulation. The fundamental and second harmonic components of the experimental results are plotted compared with the AS simulations. The RMS (root mean square) errors of the AS simulations are 7.19% and 10.3% compared with the fundamental and second harmonic components of the measurements.
INTRODUCTION
Simulations of ultrasound wave propagation can be used to optimize ultrasound imaging. For the research into non-linear ultrasound imaging, such a simulation program should be capable of calculating both linear and nonlinear ultrasound fields for arbitrary emitting apertures. Field II 1, 2 is a linear acoustic simulation program that can calculate both the emission and reception ultrasound fields for any kind of transducer, focusing, apodization, and attenuation linearly. The AS (angular spectrum) 3, 4 approach can be used to simulate both the linear and non-linear ultrasound fields. The feasibility of the combination of Field II and AS approach for the non-linear simulation and the comparison between Field II and the AS approach for a linear monochromatic system has been done by Du and Jensen 5 in 2008. Furthermore, the simulation of pulsed linear ultrasound fields using the AS approach was achieved 6 in 2009. The simulation of non-linear ultrasound fields was studied by Taylor and Jensen 7, 8 using an OS (operator splitting) method 9, 10 based on Field II. A non-linear simulation software Abersim 11, 12 based on both the AS approach and OS method was released in 2008. However, if the simulated point is far from the acoustic source, the calculation speed becomes extremely slow when using the OS method, because the computation is based on a source, which should be very close to the simulated point according to the Poisson solution.
13 Thus, the calculation will be executed hundreds of times for a long distance propagation.
In this paper, the AS approach based on Field II is used to calculate the second harmonic ultrasound field. Only one step is needed no matter how far the simulated point is from its source. The full equations for the fundamental and second harmonic components using the AS approach are derived in Section 2 (Theory). The implementation of the equations and set-up of measurements are shown in Section 3 (Method). Finally, the results from the AS and Field II simulations for both the fundamental and second harmonic components of the ultrasound fields are compared with the water-tank hydrophone measurements. The comparisons of the results between the theory and experiments are illustrated quantitatively and graphically in Section 4 (Results). The discussion of future work and conclusion are made in the last two sections.
THEORY
The non-linear acoustic wave propagation can be described by the Westervelt equation
where c 0 and ρ 0 are speed of sound and density of medium, and assuming that both of them are constant for a given medium.
p is the acoustic pressure and a function of time t and space x, y and z. β in the non-linear term describes the extent of non-linear effect in the medium. δ in the attenuation term is the diffusivity of the attenuating medium. The Westervelt equation is derived from the continuity equation, Euler force equation, and the state equation of second order's Taylor expansion. It is assumed that the small amplitude fluctuation makes it possible to ignore the third and higher order terms for the Taylor expansion. The second assumption is that the sound propagates in water, so that the attenuation term can be neglected, since the attenuation of water is very low. The total sound pressure is the sum of the fundamental and second harmonic components, since the third and higher order components are not taken into consideration, Figure 1 . Schematic view of the angular spectrum approach. The acoustic plane at z0 is the source plane, and the acoustic plane at z1 is the calculated plane. The acoustic pressure for the fundamental component P1 and second harmonic component P2 are calculated based on the source P0 and the distance between two planes. The distance between the source plane and calculated plane is z1 − z0.
Using the separate variable solution, 15-17 the acoustic pressure of the nth harmonic is
where P n is the amplitude of the sound wave of the nth harmonic, ω is the fundamental angular frequency given by the source plane and c.c. means the complex conjugate of the preceding term (c.c. = 1 2 P n (x, y, z)e −jnωt * ). Substituting (2) and (3) into (1) without the loss term leads to
where k is wave number and given by k = ω/c 0 , and P 
. Thus, (4) can be divided into two equations, since the first term of the left hand side of (4) is not a function of time t.
A linear AS approach 3, 18 being applied to (5) giveŝ
whereP 0 andP 1 are the 2D (x-y) spatial Fourier transform of P 0 and P 1 . k x and k y are the transverse wave numbers along x and y directions as shown in Fig. 1 . The solution to (6) is derived by taking the 2D spatial inverse Fourier transform forP 1 and using the convolution theorem
where F{} and F −1 {} denote the 2D (x-y) spatial Fourier and inverse Fourier transforms, respectively. Then (6) can be expressed as
An ordinary differential equation with an inhomogeneous integral term is obtained after the 2D (x-y) spatial Fourier transform on both sides of (9), with the help of (7)
where
Finally, the solution to (10) gives
This is the so-called non-linear AS solution to the Westervelt equation and the wave number k in (15) is a constant for monochromatic fields. The relation between the second harmonic pressure at the plane z = z 1 and the fundamental pressure at the plane z = z 0 is given by this equation.
METHOD
To make a comparison between the AS approach and water-tank measurements, the same transducer is used as the emitting source in simulations and measurements, respectively. The specification of the transducer is shown in Table 1 . In the water tank, a focused single element Panametrics ultrasonic transducer V307 and a PVDF (polyvinylidene fluoride) ultrasonic hydrophone probe MH28-5 made by Force Technology Aps are used for the transmission and detection. The acoustic plane at the focal depth 118 mm from the transducer surface is simulated and measured. 
Simulation
The AS solution to the Westervelt equation in (15) is implemented using Matlab 7.8.0 (R2009a). The transducer as shown in Table 1 is defined by Field II. P 0 (x, y, z 0 ) is calculated by the Field II function "calc hp", where z 0 = 5 mm from the transducer surface as shown in Fig. 1 . P 0 (x, y, z 0 ) is discretized by 412 × 412 points. The interval between each nearby two points is set to λ/4 according to the Nyquist-Shannon sampling theorem 22 to avoid aliasing, where λ is the wavelength and given by λ = c 0 /f 0 . P 0 (x, y, z 0 ) covers a square area of 30.5×30.5 mm 2 in contrast to the circular surface of the transducer with a diameter of 25.4 mm. The used size of P 0 (x, y, z 0 ) in the implementation is the smallest blue square as shown in Fig. 2a . The assumption is that, after 5 mm propagation from the transducer, the plane P 0 (x, y, z 0 ) is used as the virtual source to calculate the second harmonic pressure for other planes. This virtual source should be large enough to contain almost all the energy of the acoustic wave coming from the transducer. It is a compromise that the larger the virtual source plane is, the more energy it contains, the more accurate results should be obtained but the more computation time is required. Fig. 2b shows the energy contained by the different size planes. The energy is calculated by the Field II program. If assuming that the black square is large enough and containing all the acoustic energy, then the blue small and green middle squares contain 98.3% and 99.4% energy of it, respectively as shown in Fig. 2c . Nearly all the energy is contained within the blue small square.
Although it can be more accurate by using the green middle square, twice the size of the blue small one will make the computation 4 times as heavy. Therefore, to save time, the blue small square is used as the virtual source and implemented in the paper.P 0 (k x , k y , z 0 ) in (15) can be obtained by taking the 2D (x-y) spatial Fourier transform for the virtual source P 0 (x, y, z 0 ), which has to be zero-padded 23 to avoid the circular convolution before the Fourier transform. The second harmonic pressureP 2 (k x , k y , z 1 ) at the focal plane is obtained by implementing (15) . z 1 − z 0 is 113 mm in (15) since z 1 = 118 mm corresponding to the focal plane. It is assumed that the emitted acoustic source is monochromatic. Therefore, the wave number k in (15) 
Measurement
The measurement is set up as shown in Fig. 3 . The hydrophone is mounted in the focal plane, which is 118 mm away from the transducer surface. It moves in the x-axis (lateral direction) and is controlled by the xyz-system. The transducer is fixed and excited by the waveform generator, which has a trigger pulse to an oscilloscope and synchronized with the excitation of the transducer. This makes the transducer emission and the oscilloscope data recording start at the same time. For each point in a fixed position, one acoustic pulse with a time line can be obtained. By moving the hydrophone along the lateral direction and measuring the pulses at different positions, an emitted field for the focal plane is generated and stored in the oscilloscope. All these measurement activities can be controlled by a computer with Matlab scripts through GPIB (general purpose interface bus) and RS232 interface connections. 
RESULTS
The point spread function of the measured pulses at the focal plane is compared to the simulated results from Field II as shown in Fig. 4 . The measurement is located 118 mm from the transducer surface. The nonlinear effect is generated through the propagation in water. Therefore, the measured pulses actually include the second, third and even more higher harmonic components. However, the results from Field II are pure linear simulations. The comparison from Fig. 4 shows visually comparable results between the linear simulation of Field II and measurements even with non-linear effects. The FWHM (full width at half maximum) values are 1.96 mm for the measurement and 1.84 mm for the Field II simulation. The error in percentage between them is 6.24%. Fig. 5 shows the mean spectrum of 240 measured pulses along the center line at the focal plane. The values of the pressure amplitude for the first four harmonic components are shown in Table 2 . The higher harmonic component whose frequency is more than 20 MHz, will not be taken into consideration due to the bandwidth (1 MHz to 20 MHz approximately) of the hydrophone used in the measurement. This shows that the fundamental component in the measured pulse is much larger than the second harmonic, and the higher harmonics are negligible compared to the fundamental and second harmonic components. From this study, the assumptions, p = p 1 + p 2 and p 1 p 2 in the theory of AS approach are satisfied, and the calculated p 2 in the AS simulation becomes possible to compare with the second harmonic component from the measured pulse. Concave transducer, d=1 inch(25.4mm), focus=118 mm, f0=5 MHz, 6−cycles Measure 1st Measure 2nd Field II 1st AS approach 1st AS approach 2nd Figure 6 . Comparisons between measurements and simulations of the fundamental and second harmonic components using the AS approach and Field II. These are calculated and measured at the focal distance (z = 118 mm from the transducer surface). The results obtained from each method or measurement for the fundamental or second harmonic components are normalized to themselves, which means the absolute difference between the fundamental and second harmonic components is not shown in the figure. In the legend, 1st means fundamental frequency component at 5 MHz and 2nd means second harmonic component at 10 MHz.
To avoid the overlapping between fundamental and second harmonic components, a 6-cycle 5 MHz sinusoid is used as the excitation of the transducer to get a narrow bandwidth for the signals. In the measurement, the frequency components at 5 MHz and 10 MHz are filtered out from the spectrum of the measured pulses, respectively. The simulated fundamental frequency component at 5 MHz using the AS approach based on a source plane generated by Field II is obtained. The second harmonic component at 10 MHz is further calculated by the AS solution to the Westervelt equation. The comparisons of the ultrasound pressure at the fundamental frequency 5 MHz and second harmonic frequency 10 MHz between water-tank measurements and simulations using the AS approach and Field II are shown in Fig. 6 . The quantitative comparisons are made by the RMS (root mean square) errors
where P c (i x , f) is the discrete form of the pressure simulated by the AS approach or Field II program at the focal plane (y = 0, z 1 = 118 mm) and a function distributed along x-axis (lateral direction) where i x is from 0 to 93 corresponding to (−3.5 ∼ 3.5) mm, and f can be 5 MHz or 10 MHz in this case. P ref (i x , f) is the reference pressure measured in the water tank or simulated by the Field II program at the same location for the same frequency components. The RMS errors are shown in Table 3 . Comparison 2 reveals that the two simulation methods give very similar results. By use of the AS approach based on the Field II program, the generation of second harmonic component during the propagation of the acoustic pressure can be studied in the simulation.
DISCUSSION OF FUTURE WORK
In medical ultrasound imaging system, a short pulse with high bandwidth of the spectrum is generally used as the emitted source in the transducer. To obtain a second harmonic point spread function similar to the linear simulation shown in Fig. 4 by Field II, the monochromatic simulation is inadequate. Therefore, (15) with non constant k has to be implemented for the future work in order to simulate the second harmonic pulsed fields. (b) Pulse after pulse inversion, f0 = 5 MHz Figure 7 . Two pulses in the left figure are measured at the focal point which is 118 mm from the transducer surface by sending two inverted pulses for the excitation, respectively. The pulse in the right figure is the sum of those two pulses from the left. The maximum value of the amplitude, for the measured pulse is around 214.5 kPa, for the second harmonic pulse after the filtration by the pulse inversion technique is 13.7 kPa approximately. Note that the amplitude for the second harmonic pulse shown in the right figure is doubled. [dB]
(b) Spectrum after using pulse inversion Figure 8 . Comparison of the spectrums before and after using pulse inversion technique is shown. The second harmonic component is down to -24.6 dB compared to the fundamental as shown in the left figure.
The measured second harmonic pulses can be obtained by use of the pulse inversion technique. [24] [25] [26] The signal at the focal point in the coordinate (x = 0, y = 0, z 1 = 118) mm as shown in Fig. 1 is measured twice. First a normal pulse is used as the excitation for the transducer, and secondly an inverted pulse with the phase of 180 degree is applied. The measured two pulses at the focal point are shown in Fig. 7a . The sum of these two pulses are shown in Fig. 7b . The fundamental components are canceled out and the second harmonic components are doubled. Fig. 8 shows the spectrums of the pulses with and without pulse inversion. A significant fundamental suppression after using pulse inversion can be found in Fig. 8b . In this way, the second harmonic pulse can be extracted from the measurement even for the wide bandwidth signals with the overlapped spectrum of the fundamental and second harmonic components.
CONCLUSION
The measured point spread function is compared with the linear simulation of Field II program. The comparison reveals that the non-linear effect in the measurement is low enough, so that the assumption p 1 p 2 is satisfied and can be used in the AS approach in principle. Then the Field II program is used to initialize the same transducer as used in the measurement to generate the source plane for the AS approach. The fundamental component is calculated by the AS approach, Field II, and measured under water by a hydrophone, respectively. The RMS error between the two simulations is only 0.67% and compared with measurements, the two simulations show similar RMS errors, which are 7.39% for Field II and 7.19% for the AS approach. This ensures that the second harmonic component can be simulated by the AS approach based on the source calculated by the Field II program. The AS solution to the Westervelt equation for calculating the second harmonic component of ultrasound fields is implemented for a monochromatic field. The RMS error of the second harmonic component for the AS simulation is 10.3% compared with the measurement.
